With a help of suitable normalizations we make the numbers (T V 0 (M ) q + T V 2 (M ) q ) and T V 0 (M ) q invariant under removing of 3-balls. That allows us to define these two invariants on a triangulation of a closed 3-manifold M .
1. Introduction. It was proved in [S1] and [S2] that each Turaev-Viro invariant T V (M ) q for a 3-manifold M is a sum of three invariants T V 0 (M ) q , T V 1 (M ) q , and T V 2 (M ) q (for definition of the Turaev-Viro invariants see [TV] ). It follows from the Turaev-Walker theorem (see [T1] , [W] ) that, up to normalization, T V 0 (M ) q coincides with the square of the modulus of the so-called SO(3)-invariant τ e (M ) defined in [T2] . For a connection between SO(3)-invariant and the Reshetikhin-Turaev invariants see [KM] and [BHMV] .
With a help of suitable normalizations we make the numbers (T V 0 (M ) q + T V 2 (M ) q ) and T V 0 (M ) q invariant under removing of 3-balls. That allows us to define these two invariants on a triangulation of a closed 3-manifold M .
It is natural to relate the invariants T V N (M ) , N = 0, 1, 2, to the Turaev-Viro invariants. Here we show that for every 3-manifold M the following holds:
At the end of the paper we present a few tables. There are a lot of numerical tables of the Turaev-Viro and Reshetikhin-Turaev invariants (see, for instance, [KL1] , [KL2] , [N] , [S2] ). An advantage of our tables is that the values of the invariants are presented as polynomials on q with integer coefficients.
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2. Simple polyhedra and its local moves. A 2-dimensional polyhedron X is called simple if the link of any point of X is homeomorphic to one of the following polyhedra: (1) a circle, (2) a circle with two radii, (3) a circle with three radii, (4) the segment [0, 1], (5) a wedge of three segments with a common endpoint.
The set of points of a simple polyhedron X that have links of types (4) or (5) is called the boundary of X and denoted by ∂X. The points with links of the type (3) are called the vertices of X. By an edge of X we mean a connected component of the set of points having the links of the type (2).
Simple polyhedra are also called fake surfaces. This notion generates the notion of the special polyhedron. Recall that a simple polyhedron X is called a special one if ∂X = ∅ and each 2-component of X is a 2-cell.
A simple polyhedron X with ∂X = ∅ is called a simple spine of a compact 3-manifold M with ∂M = ∅ if there exists an embedding i: X → M such that M ց i(X), i.e. M collapses onto i(X). In the case of closed M , a polyhedron X is called a simple spine of M if it is a simple spine of M with an open 3-ball removed. A simple spine is called special if it is a special polyhedron. It is known that every compact connected 3-manifold has a special spine (see [Ca] , [M] ).
Let as describe now the special polyhedra-with-boundary P 1 , . . . , P 4 . Let P 1 be the polyhedron obtained from a disk D 2 by attaching two semidisks along two parallel chords, h 1 and h 2 of D 2 . The polyhedron P 2 is obtained from D 2 by attaching one semidisk along h 2 and a second along a simple curve l in D 2 that has the same endpoints as h 1 and intersects h 2 transversally in exactly two points. Let R = R 1 ∪ R 2 ∪ R 3 be a triod consisting of three radii of the disk D 2 . The polyhedron P 3 is obtained from the polyhedron (D 2 × {0}) ∪ (R × I) by attaching a semidisk along a chord h 1 ⊂ D 2 that intersects the radius R 1 in just one interior point. The polyhedron P 4 is obtained from (D 2 × {0}) ∪ (R × I) by attaching a semidisk along a simple curve that has the same endpoints as h 1 and intersects the triod R in exactly two points, on R 2 and R 3 .
By L-move on simple polyhedra we mean a replacement of a simple polyhedron's fragment that homeomorphic to P 1 by the polyhedron P 2 . By M-move on simple polyhedra we mean a replacement of a simple polyhedron's fragment that homeomorphic to P 3 by the polyhedron P 4 (for details see in [M] , [P] ).
Let a circle c bounds a 2-disk in a 2-component of a special polyhedron X. By B-move we mean an attaching of additional 2-disk to X along c (details see in [TV] ).
It is proved in [M] , [P] that any two special spines of a 3-manifold can be transformed one to another by a sequence of the moves M ±1 and L ±1 . Note, that applying L several times, one can transform any simple spine into a special one. So the theorem of S. V. Matveev is true for simple spines too.
The B-move on a simple spine of a 3-manifold M corresponds to removing of one 3-ball from M .
3. The Turaev-Viro invariants. Throughout this paper let us fix r ≥ 3 and a root of unity q of degree 2r such that q 2 is a primitive root of degree r. In this section we recall how V. G. Turaev and O. Y. Viro define their invariants on a simple polyhedron X (cf. [TV] ). Let v 1 , . . . , v d be the vertices of X, let e 1 , . . . , e f be the edges of ∂X and let Γ 1 , . . . , Γ b be the 2-components of X.
By a coloring of X we mean an arbitrary mapping
The coloring ϕ is called admissible if for any edge E of X − ∂X the colors of the 2-components incident to E form an admissible triple. Let us denote the set of admissible triples by adm and the set of admissible colorings of X by Adm(X). By a coloring of a regular graph G we shall mean any mapping of the set of its edges to Z r−1 . Let us denote the set of colorings of X by Col(X). Any coloring ϕ of a simple polyhedron X induces in a natural way a coloring ∂ϕ of its boundary ∂X: an edge of ∂X takes the color of the 2-component of X in whose boundary this edge is contained.
Let Γ i , Γ j , Γ k be 2-components incident to an edge E of X and let ϕ ∈ Adm(X). We shall say that an unordered triple {ϕ(Γ i ), ϕ(Γ j ), ϕ(Γ k )} is a color of the edge E. There are six wings incident to any vertex of a simple polyhedron. Suppose for a vertex v of X they receive under ϕ the values i, j, k, l, m, n ∈ Z r−1 . A 6-tuple i j k l m n is called a color of the vertex v if {i, j, k} is a color of some edge incident to v and (i, l), (j, m), (k, n) are the pairs of colors of opposite 2-components incident to v.
For an integer n > 0 set
where i = i/2. Note that the expression in the round brackets presents a real number. By the square root x 1/2 of a real number x we mean the positive root of |x| multiplied by √ −1 if x < 0.
Let i j k l m n be a color of some vertex v. A symbol of v is computed by the following formula
Here z runs through the non-negative integers such that all expressions in the square brackets are non-negative. For i ∈ Z r−1 put
where χ is the Euler characteristic (the 2-components of X and the edges of ∂X are thought to be open, so if e s is homeomorphic to R then χ(e s ) = −1 and if e s is homeomorphic to S 1 then χ(e s ) = 0). The Turaev-Viro invariant for the simple polyhedron X is given by
It is proved in [TV] 
R e m a r k 1. It is easily seen that in the case ∂X = ∅ the numbers |X, ϕ| q , and therefore the numbers T V (X) q and T V * (X) q , lie in Q(q).
4. The summand-invariants. The set of 2-components of X that receive odd colors under a coloring ϕ ∈ Adm(X) forms a surface embedded in X. We denote this surface by S(ϕ). Note that ∂S(ϕ) ⊆ ∂X.
Present the set Adm(X) as a disjoint union of subsets Adm 0 (X), Adm 1 (X) and Adm 2 (X), where
For any coloring α of ∂X and N ∈ {0, 1, 2} put
where sum is taken over all colorings of ∂X.
R e m a r k 3. For a simple polyhedron X with ∂X = ∅ we have T V N (X) q ∈ Q(q), for any N ∈ {0, 1, 2}.
Lemma 1. Let a simple polyhedron X be the union of simple polyhedra Y and Z and let each connected component of T = Y ∩ Z be a connected component of both ∂Y and ∂Z. Then for any coloring β of ∂X we have
P r o o f. This follows from the equalities
where ϕ ∈ Adm(X) (see Lemma 4.2.A in [TV] ) and χ(X) = χ(Y ) + χ(Z).
Theorem 1. Let X be a simple 2-polyhedron and α be a coloring of ∂X. Then for any N ∈ {0, 1, 2} the number
The case of M-move is similar. By lemma 1 it is sufficient to prove that Ω N (P 1 , γ) q = Ω N (P 2 , γ) q for any N ∈ {0, 1, 2}, where P 1 and P 2 are the polyhedra from the definition of the L-move and γ is a coloring of the graph ∂P 1 = ∂P 2 . It is easy to check that for any γ there is a unique K ∈ {0, 1, 2} such that {ϕ ∈ Adm (P i 
It is proved in Lemma 4.4.A of [TV] that those sums are equal.
5. The summand-invariants and a triangulation. The summand invariants are not invariants under B-move. This prevents us from defining these invariants on a triangulation of a 3-manifold. Here we modify the invariants T V 0 (M ) q and T V 2 (M ) q to make them invariant under removing of 3-balls.
Put
Lemma 2. Let X be a simple 2-polyhedron and α be a coloring of ∂X. Then the numbers Ω * 0 (X, α) q and Ω * e (X, α) q are invariant under B. P r o o f. It follows immediately from the definition of the numbers Ω *
for any even j ∈ Z r−1 , and Ω * e (X, α) q is invariant under B if
for any j ∈ Z r−1 . The second equality is proved in [TV] . The proof of the first one is similar. First of all, let us check that
for any even number j ∈ Z r−1 .
Let T be a polyhedron obtained from a disk D 2 by attaching one semidisk along a diameter of D 2 . The polyhedron T consists of three 2-cells Γ 1 , Γ 2 , Γ 3 . Let a polyhedron T i is obtained from T by attaching a 2-disk along a circle that belongs to the 2-cell Γ i , where i = 1 or 2.
For any j ∈ Z r−1 we define a coloring β of ∂T 1 and ∂T 2 as follows:
By the definition, we have
Note that T 1 and T 2 are connected by L-move. It follows that Ω 0 (T 1 , α) q = Ω 0 (T 2 , α) q . This gives us the equality ( * ).
Clearly, w 0 = 1. Thus we have to prove that
The proof of this equality is straightforward.
Corrolary 2. Let X be a simple spine of a 3-manifold M . Then the numbers T V * 0 (M ) q = Ω * 0 (X) q and T V * e (M ) = Ω * e (X) q are invariants of M under removing of 3-balls.
We can define the invariants T V * 0 (M ) and T V * e (M ) on a triangulation of a 3-manifold M as the Turaev-Viro invariants were defined in [TV] . For simplicity we will restrict ourselves to the case of closed 3-manifold M only.
Let M be a closed triangulated 3-manifold. Let a be the number of vertices of M , let E 1 , . . . , E b be the edges of M , and let T 1 , . . . , T d be the 3-simplexes of M . By a coloring of M we mean an arbitrary mapping ϕ: {E 1 , . . . , E b } → Z r−1 . Denote the set of admissible colorings of M by Adm(M ). We will denote by Adm 0 (M ) the set of admissible colorings of M by even numbers, and by Adm e (M ) the set of admissible colorings of M such that
where v is the number of 3-simplexes containing an edge colored by an odd number, t is the number of 2-simplexes containing an edge colored by an odd number, and f is the number of edges colored by odd numbers. Note that Adm 0 (M ) ⊂ Adm e (M ). For ϕ ∈ Adm(M ) put
Preposition 1. For any closed triangulated 3-manifold M we have
ϕ∈Adme (M) |M, ϕ| q . moves on X we get a simple spine of M . Each coloring ϕ of M induces a dual coloring ϕ * of X and it is easy to check that |M, ϕ| q = |X, ϕ| q and χ(X) = a, which establishes the formulas.
The values of the summand-invariants. Here we express the numbers
Let X be a special polyhedron. Fix a number r ≥ 3 and a coloring ϕ ∈ Adm(X). A vertex v of the colored polyhedron X is called switch-vertex if the sum of all odd numbers from the color of v is congruent to 2 modulo 4.
Let SX be a set of the singular points of X. Note that SX is a regular graph of Regular neighbourhood N (V, M ) consists of 3-balls. Choose orientations for the 3-balls. Let E be an edge of X. It contains two thorns t 1 , t 2 . Let W
be the wings adjacent to t i , where i = 1, 2. The orientations induce a cyclic order on the set
The 2-cells of X make the natural bijection
3 }. We shall say that the edge E is even if the bijection f preserves the cyclic order on the wings and odd otherwise.
Theorem 2. Let X be a special spine of a 3-manifold M . Then for any ϕ ∈ Adm(X) we have |X,
where the bar over q denotes the complex conjugation.
P r o o f. Let x be the number of switch-vertices of the pair (X, ϕ). The following formula is a result of straightforward computations and was proved in [S1] :
It remains to prove that x is an even number. Consider the coloring ϕ:
After it each edge of SX becomes odd or even. Let G be the union of the edges of X with the colors {0, 1, 3} under the coloring ϕ. Let Ω 1 , . . . , Ω p be the middle points of the odd edges of G. Consider a graph G ′ . A set of vertices of G ′ consists of the vertices of G and of the points Ω 1 , . . . , Ω p . A set of edges of G ′ consists of the even edges of G and of the halves of the odd edges of G. So each odd edge of G gives 2 edges in G ′ . The orientation of N (V, M ) and the coloring ϕ give the orientation of the graph G ′ . Let v 1 , . . . , v t be the vertices of G ′ . We will denote by a i the number of incoming and by b i the number of outgoing edges for the vertex v i . We have (a i − b i ) ≡ 2 (mod 4) iff v i is either the switch-vertex or the middle of an odd edge, otherwise (a i − b i ) ≡ 0 (mod 4). The number of vertices with the condition (a i − b i ) ≡ 2 (mod 4) is even for any oriented graph, because
It remains to prove that the number p is even. Let θ be the number of odd edges of X with the color {0, 1, 1} under the coloring ϕ. Then 1-colored (by ϕ) 2-cells pass (2θ + p) times along the odd edges of X. Note that each 2-component of X passes along the odd edges of X even number of times (this is true for every 3-manifold's special spine; see, for instance, [F] ). Therefore the number (2θ + p) is even and p is even. R e m a r k 4. In the case of an orientable 3-manifold this theorem was proved in [S1] .
Corrolary 3. For any 3-manifold M and any q we have
7. The tables. Below we present the summand-invariants T V N (M ) q and the TuraevViro invariants T V * (M ) q with r ≤ 7 for the manifolds
, where S 3 /G denotes the quotient space of the sphere S 3 by a linear free action of a finite nonabelian group G. These are all closed irreducible orientable 3-manifolds, having a special spine with ≤ 3 vertices.
Each summand invariant is presented as a polynomial on q with integer coefficients and its evaluation at q = e iπ/r . The invariants from the tables are related by the equality Table 2 : Invariants for RP 
